Nonperturbative stochastic dynamics driven by strongly correlated
  colored noises by Jing, Jun et al.
ar
X
iv
:1
40
6.
71
62
v2
  [
qu
an
t-p
h]
  1
3 F
eb
 20
15
Nonperturbative stochastic dynamics driven by strongly correlated colored noises
Jun Jing1,2,3,∗ Rui Li2,∗ J. Q. You2,4,† and Ting Yu1,2†
1Center for Controlled Quantum Systems and Department of Physics and Engineering Physics,
Stevens Institute of Technology, Hoboken, New Jersey 07030, USA
2Beijing Computational Science Research Center, Beijing 100084, China
3Institute of Atomic and Molecule Physics, Jilin University, Changchun 130012, China
4Synergetic Innovation Center of Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei, Anhui 230026, China
(Dated: May 11, 2018)
We propose a quantum model consisting of two remote qubits interacting with two correlated
colored noises and establish an exact stochastic Schro¨dinger equation for this open quantum system.
It is shown that the quantum dynamics of the qubit system is profoundly modulated by the mutual
correlation between baths and the bath memory capability through dissipation and fluctuation. We
report a new physical effect on generating inner-correlation and entanglement of two distant qubits
arising from the strong bath-bath correlation.
PACS numbers: 42.50.Lc, 03.65.Yz, 05.40.-a
I. INTRODUCTION
Nonequilibrium quantum open system involves under-
standing the quantum fluctuation and dissipation pro-
cesses arising from the interaction between the open
system and its surrounding environment [1]. Most re-
searches on nonequilibrium dynamics have been focused
on ambient noises from a single environment or several
uncorrelated environments. However, in experimental
environments a quantum system may be exposed to var-
ious kind of physical noises such as phase noise, ampli-
tude noise, as well as classical noises. In many realistic
situations, the participating noises are not totally sta-
tistically independent. Two distant atom-cavity systems
connected by a fiber constitute an important example in
the quantum network realization [2]. Generally, when
the environment is formed by two or more mutually-
interacting sub-environments, the correlations between
the sub-environments will give rise to new physics on
relaxation and decoherence across wide parameter re-
gions interpolating totally uncorrelated individual envi-
ronments and a single common environment. A deep
understanding of the multi-correlation dynamical pro-
cesses of open qubit systems holds enormous promise
for both fundamental studies of non-Markovian quantum
phenomena as well as practical applications to quantum
information processing.
There are several approaches to solving quantum open
systems coupled to an environment, including, e.g., the
perturbative master equations [3, 4], the quantum tra-
jectories [5–9], the dressed state method for simple open
systems [10], Feynman-Vernon influence functional [11–
13], and the projection operator approach that has been
extensively used in statistical physics [14, 15]. As a
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new approach, a stochastic Schro¨dinger equation called
non-Markovian quantum-state-diffusion (QSD) equation
driven by a complex Gaussian noise was developed to de-
scribe an open quantum system that is coupled to bosonic
environments, including individual bath [16–19] and com-
mon bath [20]. However, when the acting environment
is comprised of multi-correlated parts, each consisting of
finite or infinite degrees of freedom, it is still a challeng-
ing task to establish a fully quantized theory to accu-
rately describe the non-Markovian dynamics of the sys-
tem, especially when the system-environment coupling is
strong and when the acting environment cannot be ap-
proximated by a Markov bath [21]. As far as we know,
there are no fully rigorous investigations of either corre-
lated non-Markovian environments or their effect on the
entanglement of non-interacting qubit systems.
The purpose of this paper is to develop a nonpertur-
bative approach to studying the nonequilibrium quan-
tum dynamics of an exactly solvable microscopic non-
Markovian spin-dissipation model. We will consider an
open system consisting of two non-interacting qubits cou-
pled to an environment formed by two baths that are cor-
related through interchanging quanta. Our research can
be considered as a unifying treatment of the earlier re-
search involving a single common environment (see, e.g.,
[22–24]) and two uncorrelated environments [20, 25–27]).
Correlated dynamics inevitably involves multi-scale
quantum dissipation and quantum backaction induced by
the strong system-bath interaction. For a class of super-
radiation state, we show that the bath-bath correlation
will give rise to a crossover pattern exhibiting the com-
petition between the bath memory parameter and the
bath-bath coupling strength. Also, we show an exotic en-
tanglement evolution of the two uncoupled qubits purely
induced by correlated baths, including sudden collapse
and revival of entanglement in the ultrastrong correlation
regime of baths. Our nonperturbative quantum theory
makes it feasible to study the non-Markovian dynamics
of two separated qubits driven by strongly correlated col-
2ored noises, providing a microscopic tool to understand
the new physical effects induced by the bath correlation.
The rest part of this paper is organized as follows.
In Sec. II, we apply the Bogoliubov transformation to
obtain an exact QSD equation dealing with two central
qubits coupled to two correlated baths. We calculate
the inner-correlation dynamics of the two qubits in Sec.
III to demonstrate the effect from the bath-bath corre-
lation. In Sec. IV, we further discuss the application of
the correlated baths on entangling two separated qubits.
The conclusion is given in Sec. V. The details about the
derivation of QSD equation can be found in appendix A.
II. THE MODEL AND THE EXACT QSD
EQUATION
Our proposed model of two central qubits dissipatively
coupled to two correlated baths respectively is given by
(setting ~ = 1)
Htot =
ωA
2
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ωB
2
σBz +
∑
k
ωkd
†
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†
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+
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where g˜k (f˜k) is the coupling strength between qubit
A (B) and bath d (e). For simplicity, we assume that
(i) f˜k = κg˜k, where κ represents the anisotropy degree
of the coupling parameter for the two qubits; (ii) both
baths d and e are supposed to be at zero temperature;
(iii) each λk is the correlation strength between resonant
modes of the wave vector k in two baths and the cor-
relations between off-resonant modes are neglected. It
should be noted that this model can capture main fea-
tures of a more generic correlated bath. For instance,
it can describe the quantum-dynamical behaviors of two
separated atoms in two quantum cavities (each in a cav-
ity) mutually coupled via an optical fiber [28]. By using
Bogoliubov transformation, dk = (ak − bk)/
√
2, ek =
(ak + bk)/
√
2, the original Hamiltonian can be converted
to the following form:
Htot = HS +HI +HR, (2)
HS =
ωA
2
σAz +
ωB
2
σBz ,
HI =
∑
k
g∗k[(σ
A
− + κσ
B
−)a
†
k + (σ
A
− − κσB−)b†k] + h.c.,
HR =
∑
k
ωaka
†
kak +
∑
k
ωbkb
†
kbk,
where ωak = ωk + λk, ω
b
k = ωk − λk, and gk = g˜k/
√
2.
Therefore, we have shown that the correlated baths can
be mapped into two uncorrelated fictitious baths, each
coupled to two qubits simultaneously. An important cat-
egory of physical systems modeled by the above Hamilto-
nian includes, e.g., two capacitively coupled Cooper-pair
boxes under charge fluctuations, which can be converted
to two uncorrelated qubits experiencing correlated noises
[29] with an analog qubit-bath interaction Hamiltonian
similar to Eq. (2). The coupling between the two physical
baths d and e has been shifted into a modification to the
frequencies in the new structured baths a and b. It turns
out that this transformation has paved a way of control-
ling the correlated dynamics through the parameter λk.
Note that when λk = 0, i.e., there is no direct interaction
between the two baths, then the model simply reduces to
the case with two separable baths [25]. When |λk| = ωk
(the resonant condition as well as the ultrastrong corre-
lation regime), the model reduces to another important
limiting case representing just one common bath [20].
It can be shown that the exact linear QSD equation,
a time-local convolutionless equation, describing quan-
tum trajectories by the Hamiltonian (2) can be formally
written as (see appendix A)
∂tψt = (−iHS + Lazat − L†aO¯a + Lbzbt − L†bO¯b)ψt, (3)
where the two coupling operators are La = σ
A
− +
κσB− , Lb = σ
A
− − κσB− , and O¯x ≡ O¯x(t, za, zb) =∫ t
0 dsαx(t, s)Ox(t, s, za, zb), with Ox explicitly given by
Ox = fx1(t, s)σ
A
− + fx2(t, s)σ
B
− + fx3(t, s)σ
A
z σ
B
−
+ fx4(t, s)σ
B
z σ
A
− + i
[∫ t
0
ds′pxa(t, s, s
′)zas′
+
∫ t
0
ds′pxb(t, s, s
′)zbs′
]
σA−σ
B
− , x = a, b. (4)
The initial conditions for these O-operators are
Ox(s, s, za, zb) = Lx. Here x = a, b denote the two baths
(sources of environmental noise), zxt = −i
∑
k gkz
∗
xke
iωx
k
t
describes a time-dependent, complex Gaussian process
that statistically satisfies M [zxt] = M [zxtzxs] = 0, and
M [z∗xtzxs] = αx(t, s), where M [·] stands for the ensem-
ble average over the noise zxt. It is important to note
that αx(t, s) is an arbitrary correlation function for bath
x. Note that each O-operator explicitly contains the in-
tegrals over noises from both baths due to the fact that
baths a and b are indirectly connected with each other
through coupling to the system, a novel and important
feature that does not emerge in the well-known cases with
the local baths [30] or the common bath [20]. Moreover,
it is interesting to note that a set of partial differential
equations for f ’s (noise-free terms) and p’s (noise-integral
terms) as well as their boundary conditions can be ob-
tained by the QSD approach. To be more numerically
efficient, the nonlinear QSD equation (see appendix A
and Ref. [31]) for the normalized states, ψ˜t(z) =
ψt(z)
||ψt(z)||
,
is employed in the following numerical simulations.
3III. NON-MARKOVIAN NONEQUILIBRIUM
DYNAMICS
To show the crossover behavior of nonequilibrium dy-
namics from the Markov limit to the non-Markovian
regime, the spectral density functions of the physical
baths d and e are assumed to be identical and of a Lorentz
form: S(ω) = 12pi
Γ˜γ2
γ2+ω2 , where Γ˜ is the coupling strength
between each qubit system and its bath, γ denotes the
bandwidth of the bath, and 1/γ is proportional to the
bath memory time. The correlation function is obtained
via Fourier transform over S(ω),
α(t, s) ≡
∑
k
|g˜k|2e−iωk(t−s) = Γ˜γ
2
e−γ|t−s| (5)
When γ approaches zero, the bath enters a very strong
non-Markovian regime, and typically causes a non-
Markovian system dynamics; when γ becomes large or
when time approaches infinity, α(t, s) → Γ˜δ(t − s), re-
covering the well-known Markov limit. By definition, the
correlation functions for the structured baths a and b are
αx(t, s) =
∑
k
|gk|2e−iω
x
k
(t−s), x = a, b. (6)
For simplicity, it is supposed that λk = λωk, where the
dimensionless parameter λ (|λ| 6 1) is used to measure
the correlation strength between the physical baths. It
is easy to check that when |λ| < 1,
αx(t, s) =
Γγ
2
e−γx|t−s|, (7)
where Γ = Γ˜/2, γa = γ(1 + λ), and γb = γ(1 − λ);
when |λ| = 1, the correlation function of the effective
common bath is Γγ2 e
−2γ|t−s|. Here we do not consider
the case with |λ| > 1. Otherwise the system may become
unphysical and lose its positivity.
With the nonlinear QSD equation (A2), the correlated
Gaussian noises zxt and the time-evolution function for
O¯x, we can efficiently simulate the exact dynamics of
the central qubit system by solving the QSD equation:
ρt = M [|ψt〉〈ψt|]. Below we discuss the nonequilibrium
quantum dynamics by examining the inner-correlation
Cxx ≡ 〈σAx σBx 〉 and entanglement C(t) measured by con-
currence [32] of the two-qubit system. The parameters
are chosen as κ = 1, and Γ = ωA = ωB = ω, (cor-
responding to a strong coupling regime between qubits
and baths), and the results are obtained by average over
1000 quantum trajectories, which are sufficient for the
QSD equation to attain convergence for our model.
In Fig. 1, we observe the behavior of the inner-
correlation between qubit A and qubit B along the x-
direction, Cxx, describing a collective property relevant
to the system coherence, with different initial entangled
states, environment memory times and positive correla-
tion strengths (0 < λ 6 1) between the baths d and e.
The system is initially prepared in the two-photon en-
tangled state (1/
√
2)(|11〉 + |00〉) and the single-photon
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FIG. 1. (Color online) Inner-correlation dynamics with dif-
ferent values of γ and positive bath-bath correlation strength
(blue solid line for λ = 0.2, red dashed line for λ = 0.6,
and black dot-dashed line for λ = 1.0). In (a), (b) and
(c), ψ0 = (1/
√
2)(|11〉 + |00〉); in (d), (e) and (f), ψ0 =
(1/
√
2)(|10〉 + |01〉).
entangled state (1/
√
2)(|10〉 + |01〉), respectively. In a
strong non-Markovian regime with γ = 0.2, the sys-
tem inner-correlation shows oscillations stronger in the
two-photon entangled state than in the single-photon en-
tangled state [comparing Figs. 1(a) and 1(d)]. For the
two-photon entangled state, a larger λ gives rise to a
much stronger oscillations. But for the single-photon
entangled state, the dynamical pattern induced by in-
creasing λ is reversed. In a moderate range γ = 1.0,
for ψ0 = (1/
√
2)(|11〉 + |00〉) [see Fig. 1(b)], only small
bumps appear in the inner-correlation decay process
when λ = 0.6. The resonant condition λ = 1 can extend
the survival time of the inner-correlation. While for the
state (1/
√
2)(|10〉+ |01〉) [see Fig. 1(e)], the dynamics is
almost λ-independent. When γ = 5.0, both baths are ef-
fectively in the Markov regime, i.e., the inner-correlation
quickly decays into zero monotonously, irrespective of the
initial states [see Figs. 1(c) and 1(f)]. However, we no-
tice that, as a rather counterintuitive result shown in
Fig. 1(f), the survival time of the inner-correlation in the
resonant condition (λ = 1) is longer than those in the off-
resonant cases. It is because the two qubits experience an
effective common bath at λ = 1, and the single-photon
state (1/
√
2)(|10〉 + |01〉) serves as a super-radiant state
due to the coupling terms in Eq. (2) [33]. Therefore, the
effect of bath-bath correlations on system dynamics is
state-dependent.
To get a better picture of the nonequilibrium pro-
cesses of the qubit system, it is useful to consider the
Markov limit of this correlated-baths model with the
bath correlation functions αx(t, s) = Γxδ(t − s), where
Γa = Γ/(1 + λ) and Γb = Γ/(1 − λ). Consequently,
for λ < 1, the Lindblad master equation should be
written as ∂tρt = [−iHS, ρt] +
∑
x=a,b ΓxD(Lx), where
4D(Lx) ≡ LxρtL†x − 12L†xLxρt − 12ρtL†xLx, and for λ = 1,
∂tρt = [−iHS , ρt]+ Γ2D(La). Considering the special ini-
tial state (1/
√
2)(|10〉+ |01〉) (the eigenstate of Lb), one
can see that the damping rate of the system correlation
is 2Γa =
2
1+λΓ, which increases with decreasing λ and is
larger than the damping rate Γ for the λ = 1 case. There-
fore, in this situation, the λ-influence on inner-correlation
in Markov limit [see Fig. 1(f)] is opposite to that demon-
strated in a highly non-Markovian case [see Fig. 1(d)].
This observation is helpful to understand the insensitiv-
ity of the dynamics to λ in the moderate non-Markovian
regime [see Fig. 1(e)], where the crossover pattern reflects
the tradeoff between the two competing elements: λ and
γ.
IV. ENTANGLING DISTANT QUBITS VIA
BATH CORRELATIONS
0 2 4 6 8 10
0
0.1
0.2
0.3
0.4
0.5
0.6
Co
nc
ur
re
nc
e
ω t
 
 
λ=0.2
λ=0.8
λ=1.0
FIG. 2. (Color online) Concurrence of distant qubits under
the modulation of correlated bath with different correlation
strength λ. Here ψ0 = |10〉 and γ = 1.0.
A prompt application of this study is to dynamically
entangle two remote qubits. To focus exclusively on the
effects on the entanglement generation of the qubits as
it arises from the bath correlation, in Fig. 2, we keep
γ (a measurement of the memory capability for both
baths) unchanged, and tune the bath-bath correlation
strength λ to display the entangling process of the two-
qubit system that is initially prepared in the separa-
ble state ψ0 = |10〉. Apart from the well-known ultra-
strong correlation, i.e., the effective common bath case
with λ = 1, we show that the remote qubits can also
be temporarily entangled purely via bath correlation in
a wide parameter range. More specifically, for a weak
bath correlation λ = 0.2 (the blue solid curve in Fig. 2),
the generated concurrence of the two-qubit system is
present albeit small and has weak oscillations. When
λ increases (e.g., λ = 0.8), the generated concurrence
becomes large and exhibits appreciable oscillations (see
the red dashed curve in Fig. 2). Moreover, it can be
seen that the concurrence at λ = 0.2 and 0.8 tends to
zero when t → ∞. This is because the reduced den-
sity operator of the system approaches ρ∞ = |00〉〈00|
in the long-time limit for any λ < 1.0. However when
λ = 1.0, which corresponds to the two qubits cou-
pled to an effective common bath, the generated con-
currence increases faster and then maintains at a given
value of 0.5. The reason for the observed results is that
the reduced density operator of the system approaches
ρ∞ =
1
2 |φ〉〈φ| + 12 |00〉〈00| in the long-time limit for such
a common-bath case, where |φ〉 = (1/√2)(|10〉 − |01〉) is
an eigenstate of La = σ
A
−+σ
B
− , which is the only effective
Lindblad operator in the ultrastrong correlation case.
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FIG. 3. (Color online) Temporal entanglement behaviors with
different values of parameter Q for generalized Werner-state
in the ultrastrong correlated bath. The red solid line corre-
sponds to γ = 1.0 and the blue dashed line to γ = 5.0.
Next, we focus on the exotic behaviors of the quantum
entanglement induced by the ultrastrong bath correlation
with λ = 1.0 which has not been nonperturbatively stud-
ied before. We choose a generalized Werner-state as the
initial state: ρ0 =
Q
4 I4+(1−Q)|ψ〉〈ψ|, where 0 6 Q < 1,
I4 is the identity matrix in the Hilbert space of the two-
qubit system, and |ψ〉 = (1/√2)(|10〉+ |01〉). It is known
that the initial concurrence is C(0) = max{0, 1 − 32Q}.
Apparently, when Q < 23 , the two-qubit system is ini-
tially entangled. In this case, the system suffers a fast
entanglement decay in a short time [see Fig. 3(a)]. More-
over, the entanglement lifetime becomes significantly
shortened when increasing the bath memory parameter
γ, which means that the destructive effect on system en-
tanglement from the Markov bath is more serious than
a comparatively non-Markovian bath. After a period of
time, the entanglement suddenly revives due to the ac-
cumulation of correlation between the two baths. Also,
as shown in Fig. 3(a), a larger γ yields an earlier re-
vival of entanglement. This correlation-induced behav-
ior is in sharp contrast to the usual observation that a
non-Markovian bath is helpful in enhancing the coher-
ence refocusing of system compared with a Markov bath.
When Q > 23 , then the two qubits evolve from a sep-
arable mixed state. In this case, only the generation
of the quantum entanglement occurs [see Fig. 3(b)]. In
the long-time limit, the reduced density operator of the
5system approaches ρ∞ =
Q
4 |φ〉〈φ| + (1 − Q4 )|00〉〈00|, so
C(∞) = Q/4. Therefore, all of the curves in Fig. 3 will
reach this value, implying that the steady state is irrele-
vant to γ. It turns out that the generated entanglement
degree must be larger than its original value when Q > 47 .
This provides a method to increase the quantum entan-
glement of two distant qubits via bath correlation rather
than the qubit-qubit coupling or a common bath.
V. CONCLUSION
We have presented here an investigation of the exact
dynamical equation for two uncoupled qubits driven by
strongly correlated noises. We have observed new phys-
ical phenomena arising from the bath-bath correlation.
Particularly, we have observed the crossover dynamics
dictated by two competitive parameters of the bath mem-
ory capability 1/γ and the bath-bath correlation strength
λ. We have shown that the entanglement evolution of
two qubits can be affected in several ways, depending
on the initial states, environment memory time, and the
bath-bath correlation. In particular, it is shown that the
bath-bath correlation in a realistic context such as distant
atoms in a quantum network can play a mediator role
in generating entanglement of two remote qubits. Our
research has shed new light on the fundamental stud-
ies in the nonequilibrium open quantum dynamics. In
addition, the treatment and results presented here are
expected to be applicable to quantum devices involving
multi-correlated baths.
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Appendix A: Exact QSD equation for two-qubit
system driven by correlated baths
The purpose of this appendix is to provide the deriva-
tion of the linear (3) and non-linear quantum-state-
diffusion (QSD) equations [7] and the details of the ex-
plicit constructions of the O-operators for the model of
two distant qubits coupled to two correlated baths pre-
sented in the main text.
Via Bogoliubov transformation, the model where an
open quantum system interacts with two correlated baths
(1) is equivalent to that where the system is coupled
with two uncorrelated effective baths simultaneously (2).
When the correlation strength parameter λ ∈ (−1, 1), we
have two independent correlation functions for the baths
a and b as given in Eq. (6).
In the framework of non-Markovian quantum trajec-
tory method [16, 17, 31], it is shown that in the linear
QSD equation (3), two O-operators are introduced by:
Ox(t, s, za, zb)ψt ≡ δ
δzxs
ψt, zxs = −i
∑
k
gkz
∗
xke
iωx
k
s,
with the initial conditions:
Oa(s, s, za, zb) ≡ La = σA− + κσB− ,
Ob(s, s, za, zb) ≡ Lb = σA− − κσB− . (A1)
And the nonlinear QSD equation is
∂
∂t
ψ˜t =
{− iHS + ∑
x=a,b
[
∆t(Lx)z˜xt (A2)
−∆t(L†x)O¯x(t, z˜a, z˜b) + 〈∆t(L†x)O¯x(t, z˜a, z˜b)〉t
]}
ψ˜t,
where
O¯x(t, za, zb) ≡
∫ t
0
dsαx(t, s)Ox(t, s, za, zb),
∆t(A) ≡ A− 〈A〉t, 〈A〉t ≡ 〈ψ˜t|A|ψ˜t〉
z˜xt = zxt +
∫ t
0
αx(t, s)〈L†x〉sds.
By the consistency conditions: ∂
∂t
δ
δzxs
ψt =
δ
δzxs
∂
∂t
ψt, we
have
∂
∂t
Ox = [−iHS +
∑
y=a,b
(Lyzyt − L†yO¯y), Ox]
−
∑
y=a,b
L†y
δO¯y
δzxs
(A3)
Equation (A3) yields the exact O-operators that can be
explicitly constructed as Eq. (4). According to Eq. (A1),
the initial conditions for the coefficient functions f ’s are
expressed by
fa1(t, t) = 1, fa2(t, t) = κ, fb1(t, t) = 1, fb2(t, t) = −κ.
Defining Fxj(t) ≡
∫ t
0
αx(t, s)fxj(t, s)ds, and Pxy(t, s
′) ≡∫ t
0
αx(t, s)pxy(t, s, s
′)ds, x, y = a, b, it follows that
O¯x(t, za, zb) = Fx1(t)σ
A
− + Fx2(t)σ
B
− (A4)
+Fx3(t)σ
A
z σ
B
− + Fx4(t)σ
B
z σ
A
−
+i
[∫ t
0
ds′Pxa(t, s
′)zas′ +
∫ t
0
ds′Pxb(t, s
′)zbs′
]
σA−σ
B
− .
Inserting these expressions of O-operators into Eq. (A3),
we can easily obtain the partial differential equations for
fxj’s, with x = a, b, j = 1, 2, 3, 4; pxy’s, with x, y = a, b,
and the boundary conditions:
pxa(t, s, t) = −2ifx3(t, s)− 2iκfx4(t, s),
pxb(t, s, t) = −2ifx3(t, s) + 2iκfx4(t, s).
6Note that the equations for fxj’s and pxy’s are valid
for bosonic baths with arbitrary correlation functions or
spectral density functions. With Eqs. (4), (7), (A3), and
(A4), we can find a closed set of the ordinary differen-
tial equations for the coefficients of O¯x for the sake of
numerical simulation over Eq. (A2).
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